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Abstract
In this paper, the acyclic Kekulean molecules with greatest HOMO{LUMO separation are
determined. The values of the HOMO{LUMO separations of these molecules are also determined.
? 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
The separation between the highest occupied molecular orbital (HOMO) and the
lowest unoccupied molecular orbital (LUMO) plays an important role in chemistry
and physics. As pointed out in [9], many physico{chemical parameters of alternant
hydrocarbons are determined by, or are mainly dependent upon this separation. Two
problems are natural in the investigations of the HOMO{LUMO separation. One is to
calculate or give an approximate estimate of the Huckel separation of the HOMO{
LUMO (see [5]). The other is to give the ordering of the molecular graphs with
respect to their HOMO{LUMO separations. We consider the latter problem in the
present paper. In [3] Godsil proved a Gutman’s conjecture which states that the acyclic
Kekulean conjugated hydrocarbons with the smallest HOMO is the linear polyene.
Using the language of graph theory, Godsil proved that among all trees on 2k vertices
with perfect matchings, the path P2k has the minimum smallest positive eigenvalue. On
the other hand, Shao and Hong proved in [7] that among all trees on 2k vertices with
perfect matchings, the comb graph T 2k (see Fig. 1) has maximum smallest positive
eigenvalue. Namely, the molecular graph of the acyclic conjugated hydrocarbon with
the largest HOMO is the comb graph T 2k .
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Fig. 1. T∗2k .
In this paper, we start by considering a tree T with a perfect matching representing
the framework of a given acyclic Kekulean molecules. For the graph theoretical back-
ground to our problem, the reader is referred to [6] and [4]. The set of all trees on 2k
vertices is denoted by T2k . For any T 2T2k , its characteristic polynomial P(T; x) will
assume the general form
P(T; x) = x2k +
kX
j=1
(−1) jcjx2(k−j)
= x2k − c1x2k−2 +   + (−1)k−1ck−1x2 + (−1)kck ; ()
where x is the variable and the cj are dened as positive coecients for all j. Moreover,
all the eigenvalues of the characteristic polynomial P(T; x) are real and symmetic with
respect to zero (see [1]), so they may be placed in decreasing order according to their
values as follows:
x1>x2>   >xk>0>xk+1>   >x2k ;
where xi = −x2k−i+1; i = 1; 2; : : : ; k. Let T2k be the set of all trees on 2k vertices
with perfect matchings. For any T 2T2k , since tree T has a unique perfect matching,
so ck = 1 in (). Its smallest positive eigenvalue xk satises xk0. It is evident that xk
corresponds to the HOMO level and xk+1=−xk to the LUMO level in the ground state
of acyclic Kekulean molecules, and the HOMO{LUMO separation in such a molecule
will be equal to twice the value of xk .
2. Preliminaries
First of all, we need some groundwork, before giving our main result. Let H be the
graph obtained from the graph G with vertex set fv1; v2; : : : ; vkg in the following way:
(1) To each vertex vi of G a set Vi of p new isolated vertices is added;
(2) vi is joined by an edge to each of the p vertices of Vi (i = 1; 2; : : : ; k).
As shown in [1], there exists the following relation between the characteristic poly-
nomial of H and that of G.
Lemma 1. P(H; x) = xkpP(G; x − p=x).
Let X2k be the set of trees on 2k vertices obtained from a tree T^ on k vertices by
taking p=1 in above procedure (1) and (2). Then for any T 2X2k , obviously, T 2T2k .
We call the tree T^ the contracted tree of the tree T .
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Lemma 2. Let T 2X2k ; and x1(T^ ) be the largest eigenvalue of the contracted tree T^
of T . Then
xk(T ) = 12 (
q
x21(T^ ) + 4− x1(T^ )):
Proof. By Lemma 1, we have P(T; x)= xkP(T^ ; x− 1=x). Assume that xi(T^ ) is the ith
largest eigenvalue of T^ ; i=1; 2; : : : ; k. Then
P(T; x) = xk
kY
i=1

x − 1
x
− xi(T^ )

=
kY
i=1
(x2 − 1− xi(T^ )x):
So the positive eigenvalues of T are 12 (
q
x2i (T^ ) + 4 − xi(T^ )); i = 1; 2; : : : ; k. Since
f(x)=12 (
p
x2 + 4−x) is a decrease function of the variable x, the kth largest eigenvalue,
i.e., the minimum positive eigenvalue of T is xk(T ) = 12 (
q
x21(T^ ) + 4 − x1(T^ )). The
proof is completed.
Let ak = maxfxk(T ) jT 2T2knX2kg. Since for any T 2T2k ; xk(T )>0. Thus ak>0.
In [7] Shao and Hong proved the following result.
Lemma 3. ak−1>ak (k = 2; 3; 4; : : : :)
The largest eigenvalue of a graph G is usually called the index of G and is denoted
by x1(G) in this paper. Smith [8] has determined the set S of all connected graphs
having x1(G)62. Those graphs in S are shown in Fig. 2.
It is easy to see that all graphs in S, except Ck are trees. The index of graphs in
S can be easily obtained (see [2]):
x1(Pk) = 2 cos

k + 1
; x1(Zk) = 2 cos

2(k − 1) (k>3);
x1(Wk) = 2 (k>5); x1(Ck) = 2 (k>3);
x1(T1) = 2 cos

12
; x1(T2) = 2 cos

18
;
x1(T3) = 2 cos

30
; x1(T4) = x1(T5) = x1(T6) = 2:
Let S2k = fT jThe contracted graph T^of T is a tree from Sg. These graphs in S2k
are depicted in Fig. 3.
Obviously, S2k X2k . For convenience, if T0 2S2k , its contracted graph is T^0, we
denote T0 by T [T^0], i.e., T0 = T [T^ 0].
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Fig. 2. The graphs in S:
Theorem 4. The ordering of graphs in S2k according to their minimum positive eigen-
values is the following:
k = 1; 2; 3: xk(T [Pk ]);
k = 4: x4(T [P4])>x4(T [Z4]);
k = 6: x6(T [P6])>x6(T [Z6])>x6(T [T1])>x6(T [W6]);
k = 7: x7(T [P7])>x7(T [Z7])>x7(T [T2])>x7(T [W7]) = x7(T [T4]);
k = 8: x8(T [P8])>x8(T [Z8])>x8(T [T3])>x8(T [W8]) = x8(T [T5]);
k = 9: x9(T [P9])>x9(T [Z9])>x9(T [W9]) = x9(T [T6]);
k>10; or k = 5: xk(T [Pk ])>xk(T [Zk ])>xk(T [Wk ]);
where
xk(T [Pk ]) =
r
cos2

k + 1
+ 1− cos 
k + 1
(k>1);
xk(T [Zk ]) =
r
cos2

2(k − 1) + 1− cos

2(k − 1) (k>4);
xk(T [Wk ]) =
p
2− 1 (k>5);
x7(T [T4]) = x8(T [T5]) = x9(T [T6]) = 2;
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Fig. 3. The graphs in S2k .
x6(T [T1]) =
r
cos2

12
+ 1− cos 
12
;
x7(T [T2]) =
r
cos2

18
+ 1− cos 
18
;
x8(T [T3]) =
r
cos2

30
+ 1− cos 
30
:
Proof. Apply Lemma 2 and the relation between xk(T ) of the graph T in X2k and
x1(T^ ) of the contracted graph T^ of T . It immediately gets that the result holds.
Lemma 5. Let S 2S2k ; and S^ be the contracted graph of S. Then
(a) For any T 2X2knS2k ; xk(T )<xk(S);
(b) xk(S)>
p
2− 1.
Proof. (a). Since T^ 6 2S, then x1(T^ )> 2>x1(S^). Moreover, xk(T ) will decrease when
x1(T^ ) increases, it immediately knows that the result holds.
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(b). Since x1(S^)62, by Lemma 2 and because the function f(x) = 12 (
p
x2 + 4− x)
is decreasing with respect to x, the result holds.
Lemma 6. For any positive integer k; and S 2S2k ; xk(S)>ak .
Proof. It is easy to check from the table of the spectra of trees on n vertices (n610)
in [1] that when k = 5 (2k = 10); a560:408. So by Lemma 5, we have
xk(S)>
p
2− 1> 0:408>a5:
Then by Lemma 3 we get that when k>5, then
ak6a5<xk(S):
For 16k < 5, the statement of Lemma 6 can be directly tested from the table in [1].
The proof is complete.
We are now in a position to state our main result.
3. Main result
By Lemma 6, for any T 2T2knX2k T2knX2k and S 2S2k ; xk(S)>xk(T ); and by
Lemma 5, for any T 2X2KnS2k and S 2S2k ; xk(S)>xk(T ). Hence for any T 2
T2knS2k ; and S 2S2k , we have
xk(S)>xk(T ):
Using Theorem 4, we arrive at the following main result.
Theorem 7. For any T 2T2k ; then its minimum positive eigeuvalue xk(T ) satises
(1) xk(T )6
p
cos2 =(k + 1) + 1− cos=(k + 1); k = 1; 2; 3; : : :
and the equality holds if and only if T = T [Pk ] = T 2k ;
(2) If T 2T2knfT [Pk ]g, then
xk(T )6
r
cos2

2(k − 1) + 1− cos

2(k − 1) ; k = 3; 4; 5; : : :
and the equality holds if and only if T = T [Zk ];
(3) If T 2T2knfT [Pk ]; T [Zk ]g, then
In the case k = 6
x6(T )6
r
cos2

12
+ 1− cos 
12
and the equality holds if and only if T = T [T1];
In the case k = 7
x7(T )6
r
cos2

18
+ 1− cos 
18
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and the equality holds if and only if T = T [T2];
In the case k = 8
x8(T )6
r
cos2

30
+ 1− cos 
30
and the equality holds if and only if T = T [T3]
(4) If T 2T2knfT [Pk ]; T [Zk ]; T [T1]; T [T2]; T [T3]g, then
xk(T )6
p
2− 1; k = 5; 6; 7; : : :
and the equality holds if and only if T = T [Wk ], or T = T [Ti]; i = 4; 5; 6.
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